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INTRODUCTION 

Hydraulic transportation of solids is an economical, efficient and 
reliable method of transport particularly in high-volume long- 
distance hawls. Many projects around the globe are either operating 
or are at varying stages of development. Recent completion of 60 
km Kudremukh iron ore pipeline transportation project in India 
marks the beginning of successful large-scale application of hy- 
draulic transport in this country. 

In view of the commercial utility of such transportation systems 
a number of correlations have been developed for predicting 
pressure loss and critical velocity. However, almost all the available 
correlations assume the slip velocity between solid and fluid to be 
zero, so that in-situ porosity equals that a t  the delivery end. This 
can be grossly erroneous as is illustrated by present experimental 
results and those of Kao et al. (1980) in Figure 1. 

Gandhi (1976) pointed out that the differences in the predictions 
of the various correlations could be due to the difference between 
in-situ and delivered porosities. He proposed a method to predict 
hold-up inside a horizontal transport pipeline. In this method, solid 
velocity distribution was assumed independent of terminal settling 
velocity of particles. Consequently, even for zero slip velocity the 
reuslts gave in-situ porosity to be different from delivered porosity. 
This contradicts the basic material balance equations (Eq. 5). 

Spedding and Nguyen (1978) have proposed a general theory 
for prediction of hold-up and arrived at an equation having two 
parameters which are to be experimentally obtained. Hence this 
equation cannot be used as such to predict in-situ porosity from 
the known operating conditions. Furthermore, even their equation 
predicted in-situ and delivered porosities to be different for ho- 
mogeneous transport. Since homogeneous transport can strictly 
occur only if the slip velocity is zero, the validity of their equation 
is equally questionable as it would also contradict the material 
balance equation, Eq. 5. 

Televentos et al. (1979) clearly pointed out that one relationship, 
that of in-situ porosity, was missing from the set of equations that 
could make their model complete. They overcame this difficulty 
by assuming a constant solid concentration in the lower layer of 
their two-layer model. 

The preceding discussion clearly shows that a method of pre- 
dicting in-situ porosity from known conditions would be highly 

useful. An attempt is made in this paper to develop a semitheore- 
tical mathematical model for this purpose having a single param- 
eter. From experiments covering a limited range, this parameter 
has been correlated with system variables. 

DEVELOPMENT OF EQUATION 

The flow of slurry is assumed to be one-dimensional. The flow 
parameters are assumed to be constant throughout the length of 
the pipeline. The quantity of interest is only the average porosity 
at any cross section. Then the flow rates of fluid and solid through 
the pipeline are related to voidage or porosity inside the pipe by 

Qf = A (1) 

(2) Qs = A(l  - E ) V ,  

100 I I - € )  txpt. 

Flgure 1. Comparison of In-sifu and delivered solid concentratlon in hydraulic 
transportation of sand. For legend, see Table 1. 
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The porosity at the delivery end is given by TABLE 1. HYDRAULIC TRANSPORTATION OF SAND 

(3) 

The mixture velocity inside the pipeline is simply 

urn = Q / A  = (Qs + Q f ) / A  (4) 
In the first three equations, Qs and Qf are process requirements 

and are hence known and the unknowns number four (us, uf, E ,  and 
Ed). In principle, in-situ porosity should be predictable but there 
does not exist any theoretical equation which can predict it directly. 
The purpose of this paper is to give this fourth relationship which 
is required not only to solve for the four unknowns (in Eqs. 1 to 3) 
but which is also required for predicting pressure drop. Rear- 
rangement of &. 3 leads to €Ed + ( U s / U f ) Q  - (Us/Uf)cEd = E which 
can be expressed as 

1 (5) 
€/Ed = a/( l  - fd + UEd) 
(1 - €)/(I  - Ed) = 1/(1 - Ed + UEd) 

where 
a = U S / U f  (6) 

Since E has to equal Ed if there is no slip between particle and fluid, 
i.e., if a is unity, the possible correlation could be 

€/Ed = 

Equations 5 and 7 give 
(7) 

= h[l - (1 -a)Ed]/h Q (8 )  
Since (1 - a)  and (1 - a)cd are always bounded by zero and unity, 
Eq. 8 can be expanded in Taylor series and subsequently rear- 
ranged to give 

It is noteworthy that Ed is outside the brackets in Eq. 9. This makes 
the variation in b( = n/Ed) to be extremely small compared to the 
variation in the n values. Hence the endeavor should be to correlate 
b rather than n with the system variables. 

From Eqs. 5 to 7, porosity inside the pipe c is given by 
Ebtd(1 - c)’-bfd = btd ] (10) 

E d  (1 - 
or f ( E )  =f(Ed) 

which can be easily solved by any simple numerical technique. It 
may be mentioned here that one of the roots of Eq. 10 is cd itself, 
the other root being E .  However, for b very near to unity, it can be 
proved using L’Hospital rule that 

t = y(2b - 1) (11) 

(1 - 6 )  = (1 - Ed) + 2Ed(1 - b)  (12) 

For all the data corresponding to present experiments, the above 
approximation deviates from the exact value obtained from the 
numerical solution of Eq. 10 by a maximum of 3% only. 

EXPERIMENTAL 

The apparatus used for hydraulic conveying studies has been reported 
by Wani (1982). The total length of the pipeline was 8 m. Delivered con- 
centrations were calculated from the slurry volume and the dried sand 
volume collected for a known amount of time. The solids feed valve was 
then suddenly closed while allowing water to flow through to drain out the 
solids remaining in the pipeline. From the quantity of solids thus collected 
and the volume of the pipeline in-situ porosity was calculated. This assumes 
that the porosity throughout the length of the pipe is a constant. The op- 
erating conditions studied are summarized in Table 1. 

Svmbol Other Details 
dP 

References urn 
~ 

Present Work 263 A D = 2.5cm 
pp = 2.65 g/cc 

Q,/A = 2.0 to 35 cm/s 
355 A p =  l.Og/CC 

450 urn = 1.5 to 3.0 m/s 
507 0 

Kao et al. 600 $r D = 5.0cm 
(1980) Q,/A = 16.0 to 21.0 cm/s 

variables. For flow tending towards homogeneous conditions, b 
value should tend towards unity. Since homogeneous transport can 
occur if d,, or ut tends towards zero, or if uf tends to infinity, (1 - 
b)  would tend towards zero under these conditions. Further, since 
b always stays near to unity the variation in b about its mean value 
is negligible whereas the variation in (1 - b) about its mean value 
is considerable. Due to these reasons, (1 - b) is chosen as the de- 
pendent variable. Dimensional analysis leads to 

(13) 

The dimensionless groups obtained are Ga(= d g p ( p p  - p ) / p 2 ) ,  
( P J P ) ,  (QdQ), (d / D L  and ( Q / D 2 ) / m .  Since the Galilee 
number is unique& related to the Reynolds number (Re = 
d p u t p / p ) ,  Re is used instead of Ca. The influence of ( d p / D )  is 
assumed to be negligible. The density ratio and the flow ratio are 
assumed to influence in a combined manner (for simplicity) as N 
= Q s p , / ( Q p ) .  The last number is nothing but the Froude number 
multiplied by a constant factor (= 4/7r). Therefore, the equation 
trend is 

(14) (1 - b)  = KlReK2FrK3NK4 

Re = dputP/p;  Fr = u m / m ;  N = Qspp/(Apum) (15) 

(1 - b)  = f ( g , D d p , p , ( p p  - p).p,Qs.Q) 

where 

The coefficients in Eq. 14 were obtained by logrithmic linear re- 
gression. The final correlation obtained is 

(16) (1 - b) = 18 (&) -3.5 ( ~ ) l ’ ~  Qs. 
(:)1’5 

Equations 3 , 4  and 16 yield 

It is noteworthy that (1 - b)  is independent of Re. The details are 
not presented here as the prediction of (1 - b)  is not so important 
as that of (1 - Ed). The prediction of (1 - Ed) from Eqs. 12 and 17 
are compared with experimental data in Figure 2. The average 
absolute deviation in Figure 2 is about 7% whereas the corre- 
sponding error in the assumption that in-situ and delivered solid 
concentrations are equal as shown in Figure 1 is 25%. The present 
correlation is valid for (1 - Ed) up to 15% and (1 - E )  up to 
20%). 

The present experiments were carried out in a pipe of single 
diameter, 2.5 cm. Kao et al. (1980) have given in-situ solid con- 
centrations measured in a pipe of 5 cm diameter. Their data points 
were not wed to obtain the correlation, Eq. 17. Still, the predictions 
compare well with their data. The good comparison, therefore, 
confirms the pipe diameter dependence given by Eq. 17. Fur- 
thermore, since particle size in Kao et al.’s (1980) experiments was 
different from those in the present experiments, it gives support 
to the independence of (1 - b)  on Re obtained in Eq. 17. 

ANALYSIS OF EXPERIMENTAL DATA CONCLUSIONS 

The b value has to be calculated from experimentally measured 
E and Ed values, and this has to be correlated to design and operating 

It has been demonstrated that the delivered and in-situ con- 
centration of solids in a horizontal hydraulic transportation pipeline 
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no. ( I - € )  expt. 

Flgure 2. Comparison of experimental and predicted hanu solid concentration. 
For legend, see Table 1. 

can differ substantially which is due to the inherent slip existing 
between the solid and the fluid. The value of vs/vf varied between 
0.6 and 1 in the present experiments. In any pressure drop corre- 
lation this fact has to be incorporated. 

The in-situ solid concentration can be obtained from Eqs. 12 
and 17. It must be emphasized, however, that the range of exper- 
imental conditions on which Eq. 17 is based is not very wide. 
However, till a comprehensive relation valid over a wide range of 
operating conditions is developed, Eqs. 12 and 17 can serve as 
useful first approximations in the design of hydraulic transportation 
systems. 

NOTATION 

U = ratio of solid to fluid velocity, dimensionless 
A = area of cross section of the pipe, cm2 
b = the ratio dimensionless 

= particle diameter, cm 
= pipe diameter, cm D 

Fr = v m / m ,  dimensionless 
g = acceleration due to gravity, cm/s2 
Ga = dtgp(pp  - p ) / p z ,  dimensionless 

dP 

n 
N 
Q 

Qf 
Qs 
Re 
U t  

Of 
VS 

Urn 

= exponent in Eq. 7, dimensionless 
= defined in Eq. 15, dimensionless 
= volumetric slurry flow rate, equals (Qs + Qf). 

= volumetric fluid flow rate, cm3/s 
= volumetric solid flow rate, cm3/s 
= dput p /  p, dimensionless 
= terminal settling velocity of particle, cm/s 
= actual fluid velocity inside the pipe, cm/s 
= actual solid velocity inside the pipe, cm/s 
= mixture velocity, Q/A, cm/s 

cm3/s 

Cireek Letters 

€ 

Ed 
c1 = fluid viscosity, g/(cm-s) 
P = fluid density, g/cm3 
PP = particle density, g/cm3 
(1 - c) 
(1 - 6 d )  = delivered concentration of solids, dimensionless 

= in-situ fluid voidage or porosity, dimensionless 
= delivered fluid v.oidage or porosity, dimensionless 

= in-situ concentration of solids, dimensionless 
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Recently Deshpande (1980) described a technique for dynamic 
identification of open-loop unstable systems. His method involves 
first obtaining experimental values for the closed-loop magnitude 
ratio, M, and phase angle, a, by pulse or step test implemented on 
a system stabilized with an arbitrarily tuned feedback controller. 

The corresponding open-loop magnitude ratio, A, and phase lag, 
0 (which exhibit unstable characteristics) are then obtained from 
Nichols chart via back calculation. The back calculation procedure 
is essentially the reverse of normal chart reading, i.e., fixing nu- 
merous closed-loop data points on the Nichols chart by manual 
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